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Two-Dimensional Simulations of Wake Vortex Detection
Using Radio Acoustic Sounding Systems
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A parallel code is developedto simulatenumericallywake vortex detection using a radio acoustic soundingsystem
(RASS). The code is written in FORTRAN 90 with the message passing interface for parallel implementation. The
numerical simulation solves simultaneously the linearized Euler equations for a nonuniform mean � ow and the
Maxwell equationsfor a nonhomogeneousmedium.The radar transmitter and receiver antennasare modeled using
an array of point sources and a beam-forming technique, respectively. Many features of the RASS are explored
using the numerical simulation.First, a uniformmean � ow is considered, and the RASS simulation is performed for
two different types of incident acoustic � eld: a short single-frequency acoustic pulse and a continuous broadband
acoustic source. Both monostatic and bistatic con� gurations are examined, and their results are compared. Taylor
and Oseen vortex velocity pro� les are used as sample models, and their mean � ow� elds are reconstructed from the
backscattered electromagnetic signal using the Abel transform. The effect of radar beam width is also considered,
as are the issues of nonaxisymmetric and interacting vortices.

I. Introduction

T HE capacityof airports is constrainedseverelyby the air traf� c
control system’s consideration of aircraft wake vortices. The

present Instrument Flight Rules (IFR) restrictionsare based on air-
craft weight. The “3–4–5–6 rule” sets the separation distances of
aircraft by categories from small, less than 41,000 lb (18,600 kg),
to heavy, greater than 255,000 lb (116,000 kg). These separations
are viewed as very conservative. However, because there remains
signi� cant uncertainty about wake vortex behavior under different
atmospheric conditions, there are considerable technologicalbarri-
ers to improvements in terminal area productivity.

In an attempt to enhance airport capacity, an aircraft vortex spac-
ing system (AVOSS) has been under development at NASA Lan-
gley Research Center. The AVOSS will provide the means to al-
low air traf� c control to reduce spacing safely in instrument opera-
tions when the appropriateweather conditions exist. A key element
in AVOSS is the development of a real-time reliable wake vortex
detection system (WVDS).

A radio acoustic sounding system (RASS) is a promising can-
didate for a WVDS. The basic concept of RASS is based on the
trackingof sound waves with radar. When acoustic waves are trans-
mitted, they produce pressure perturbations,which lead to � uctua-
tions in the atmospheric permittivity. An incident electromagnetic
� eld is then scattereddue to the permittivityvariationsandgenerates
an echo that can be detected by a receiver antenna. The spectrum
of this echo shows a Doppler shift proportional to the local speed
of sound. However, the backscattered signals are so weak that no
measurable signal would be received unless the Bragg condition is
satis� ed. The Bragg condition is a relationshipbetween the incident
electromagnetic and acoustic wavelengths that ensures a construc-
tive interferencebetween the two waves. The Bragg condition may
be written as

¸e D 2¸a sin ® (1)
where ¸a and ¸e are the incidentacousticand electromagneticwave-
lengths, respectively,and ® is the incident radar beam angle (shown
later).
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The applicationof RASS as a ground-basedremote sensing tech-
nique goes back more than 30 years, when Smith1 and Fetter2 used
a radio-acoustic detection system to measure wind velocity. They
chose a 10-GHz radar and a 22-kHz acoustic source to meet the
Bragg condition. This choice was based largely on the ready avail-
ability of microwave equipment and techniques in the X band and
had the de� nite advantage of placing the frequency of the high-
intensity acoustic energy above the normal hearing range. The ac-
curacy of their device was poor, and the range was limited to 90 m.
In 1972, Marshall et al.3 realized that Smith1 and Fetter2 chose a
high-power acoustic source with a very short wavelength, which
caused the acoustic waves change into the shock waves and dis-
sipate rapidly. Therefore, Marshall et al.3 used a 36.8-MHz radar
and an 85-Hz acoustic source and were able to detect atmospheric
temperature up to 1.5 km within a reasonable accuracy.

Measurements of the temperature pro� le using RASS were � rst
reported by North et al.4 The maximum range of their system var-
ied from about 400 m to nearly 3 km. They found that two atmo-
spheric phenomenareduced the strength of the returned signal: The
turbulence disturbed the shape of the sound wave and the cross-
wind displaced the acoustic pulse downwind and out of the radar
sight.Althoughincreasingthe acousticwavelengthcould reduce the
effect of turbulence, the crosswind effect remained a challenging
problem.

In recent years the RASS technique has been applied to temper-
ature and wind velocity measurement over a wide range of alti-
tudes, from the troposphere5¡7 to the lower stratosphere,8 and also
to measurements of heat � ux in the atmospheric boundary layer.9

The concept of a RASS has also been applied to measure atmo-
spheric parameters such as wind velocity and the turbulence � eld.
The effect of turbulenceon RASS measurementsand measurements
of atmospheric turbulence itself using a RASS are described by
Tatarski,10 Nalbandyan,11 Kon,12;13 and Bhatnagar and Peterson,14

among many other researchers. In 1995, a series of measurements
were performed in Norway under the Environmental Surveillance
Technology Programme.15;16 The measurements show that, by us-
ing a sensitive system involving many rf frequencies, it is possible
to determine many of the parameters that characterize the atmo-
sphere. These parameters include three-dimensional wind veloc-
ity, turbulence and vortex activity, wind shear and down draft, and
atmospheric stability.

Recently, RASS has received particular attention as a potential
tool to detect vortices behind aircraft in the vicinity of airports.17

Here, the concept is similar to wind measurements; in the presence
of an aircraft wake vortex, the effective speed of acoustic prop-
agation changes, and this provides an additional Doppler shift in
the spectrum. As is shown in this paper, the vortex velocity � eld
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may be obtained based on a spectral analysis of the backscattered
electromagnetic signal.

All of these experiments show the feasibility and applicability
of RASS as a remote sensing tool for wake vortices and other at-
mosphericparametermeasurements.However, experimentsusually
suffer from the mixing and interaction of different parameters and
factors. A study under the fully controlled environment of a nu-
merical simulation can help to understand the contributions of the
different factors.

In a previous study by the authors,18 a two-dimensional Euler,
one-dimensional Maxwell code was developed to simulate wake
vortex detection using RASS. Many features of the RASS were
captured successfully in that study. The major contribution of the
present paper is the provision of a full two-dimensional numerical
simulation for the RASS parametric study.This is achievednot only
by a direct computation of the acoustic and scattered electromag-
netic � elds, but also by a realistic modeling of the transmitter and
receiver antennas. Such a modeling makes it possible to study the
effects of beam width, the antennas’ locations, and the RASS in a
bistatic con� guration. The present paper also considers the case in
which the RASS uses continuousincident acoustic and electromag-
netic � elds, which is an alternative to the traditional pulse radar.

In the next section, the basic equations for electromagnetic and
acoustic wave propagation as well as the relationship between the
pressure perturbations and the permittivity � uctuations are pre-
sented. Then the method used to model the transmitter and receiver
antennas is described.This is followed by a description of the Abel
transformand the vortexmodels that are used.The numerical imple-
mentation is then given, which is followed by some example results
and conclusions.

II. Analysis
The basic equations for a RASS simulation are described in this

section. These equations include the Maxwell and linearized Euler
equations and an auxiliary equation to relate the permittivity � uc-
tuations and pressure perturbations.

A. Equations for Electromagnetic Wave Propagation and Scattering
The propagationand scattering of electromagneticwaves satisfy

the Maxwell equations. For the RASS application, the Maxwell
equations for a nonconductivemedium without charge are consid-
ered. Then the electric and magnetic � eld intensity vectors are split
into incident and scattered � elds. The incident � eld may be spec-
i� ed analytically. Furthermore, the magnetic � eld intensity vector
may be eliminated in favorof the electric � eld. Then, the differential
equation that governs the scattered electric � eld becomes18
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where c D .¹0²0/¡1=2 is the speedof light and 1² D ² ¡ ²0 is the per-
mittivity perturbation. The incident and scattered electromagnetic
� eld are denoted by Ei and Es , respectively.Equation (2) neglects
multiple scattering, and it is assumed that the permeability of the
medium, ¹, is constant throughout the scattered � eld.

B. Equations for Acoustic Wave Propagation
The propagationandscatteringof acousticwavesaredescribedby

the linearizedEuler equations. In the RASS simulation the acoustic
source is located far from the vortex center. Therefore, the mean
� ow velocity in the vicinity of the source is neglected. This makes
it possible to ignore the effect of the source on the right-hand side
of the momentum equations and also allows the replacement of the
right-hand side of the energy equation by c2

a0S, where ca0 is the
free-space sound speed. The governing differential equations for a
two-dimensional � ow with nonuniform mean � ow quantities then
become
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where ½ , p, and t are density, pressure, and time, respectively. In
Eq. (3), u and v represent the Cartesian velocity components in
the x and y directions, respectively. An overbar indicates a mean
quantity and primes denote � uctuations about the mean. S denotes
the acoustic source, which in the present study is taken to be

S.x; y; t/ D »8.t/ exp
©
¡¾s

£
.x ¡ x0/

2 C .y ¡ y0/
2
¤ª

sin !a t (4)

where

8.t/ D exp
£
¡¾t .t ¡ t0/

2
¤

and t0 is the pulse delay time. Here, » , ¾s , and ¾t are parameters that
control the amplitude and the width of the pulse in space and time,
respectively.The acoustic frequencyis !a , and the source is located
at .x0; y0/.

C. Permittivity Variations in Atmosphere
The link between the Maxwell and Euler equations is the re-

lationship between the pressure perturbation and the permittivity
� uctuations.This relationship for a dry atmosphere with a uniform
mean temperature equal to 300 K can be written as18

1² D ² ¡ ²0 D 5:1715 £ 10¡9 p0 (5)

where p0 is in pascal. The effect of mean temperature variation and
humidity can also be taken into account.

D. Modeling of the Transmitter and Receiver Antennas
The transmitter and receiver antennas are major components of

a RASS. The transmitter antenna provides the electromagnetic in-
cident � eld and it should generate a narrow beam in the desired
direction with minimum sidelobes. The backscattered electromag-
netic signals are collected in a receiver. A receiver antenna has to
be able to focus in any given direction.A poor design of transmitter
and/or receiver antennas results in a low signal-to-noise ratio and
the reception of undesired or false signals.

1. Transmitter Antenna
The transmitter antenna is modeled using an array of point

sources.Consider N identicalisotropicpointsourcesof equalampli-
tude and spacing. Then the far-� eld radiation pattern can be written
as19

Ep D E0f1 C ei9 C ei29 C ¢ ¢ ¢ C exp[i.N ¡ 1/9 ]g

D E0

NX

n D 1

exp[i.n ¡ 1/9 ] (6)

where9 D ked cos Á C ± andd is the spacingbetweensources.Here,
± is the progressive phase difference of adjacent sources, that is,
source 2 with respect to 1, 3 with respect to 2, etc. Also, ke is the
point source wave number and Á is the azimuthal angle measured
with respect to the array.

There are two popular con� gurations based on the value chosen
for the phase difference ±: broadside and end � re. In the broad-
side con� guration, ± D 0, and the direction of maximum radiation
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is normal to the source array. For a long array consistingof N point
sources, the half-power beam width (HPBW) in radians in this con-
� guration may be estimated by19

HPBW ’ ¸e=Nd (7)

where ¸e is the incident electromagneticwavelength.
For an end-� re array, the direction of maximum radiation is in

the direction of the source array. To achieve this con� guration, the
progressive phase difference between sources ± should be ¡ked.
Then the HPBW may be approximated by19

HPBW ’ 4
3

p
2¸e=Nd (8)

For a given number of point sources, the broadside array provides
a smaller beam width in the two-dimensional case.

A “binomial array” may also be used to eliminate the radiation
pattern sidelobes. In this case, the point sources in Eq. (6) have
amplitudes proportional to the coef� cients of a binomial series. An
elegant aspect of a binomial array is that the radiation pattern of this
array has a very simple mathematical description:

Ep D cosN ¡ 1
¡

1
2
ked cos Á

¢
(9)

The drawback of usingbinomialarrays is that, for a givennumber
of sources,the HPBW of a binomialarray is considerablywider than
a broadside array.

2. Receiver Antenna
The main purpose of using a receiving antenna is to collect and

enhance signals that propagate toward the receiver from a certain
direction.Thismay beachievedbyusinga receiverarrayanda beam-
forming technique. A receiver array consists of discrete receivers
called array elements. The signals received in individual elements
are combined together with different phase delay. The phase delay
for each element is chosen such that the array focuses or steers in
a certain direction. Focusing the array means the phase delay is
selected such that signals that come from a particular point are in
phase for all of the elements. Steering the array means selecting
phase delays so that all signals that come from a certain direction
are in phase for all elements.

The theory behind receiver arrays is similar to that for the trans-
mitter arrays described in the preceding sections. For example, in a
linear array with equally spaced elements, if all signals are summed
in phase, an array pattern similar to the broadside array is obtained.
In other words, this array enhances all signals that come from the
direction normal to the elements’ axis. An end-� re type directivity
may be obtained by adding up the output of each element with a
phase delay that corresponds to the element spacing and the wave
speed.

Similar to the transmitter array, a broadsidereceiverhas a smaller
aperture angle compared to the end-� re receiver.The aperture angle
may be reduced by increasing the number of elements. The con-
cept of a binomial array may also be used to eliminate sidelobes.
For a binomial receiver, the signals collected at each element are
summed with a weighting function proportional to the binomial
series coef� cients.

E. Abel Transform
An analysisof theelectromagneticscatteredsignalcanonlyreveal

the component of the wake vortex velocity pro� le in the direction
of the incident radar beam, that is, along the dash–dotted line in
Fig. 1. However, it is often desirable to obtain the radial variationof
the vortex velocity � eld, V .r/. The Abel transform and its inverse
provide the necessary mathematical tool for such a task. Assume
that the integral of an axisymmetric function, V .r/, is known along
a line from ¡Y .x/ to Y .x/ for any given x (Fig. 1). Then, it is
possible to determine the vortex radial velocity � eld V .r/ using the
inverse Abel transform (see Ref. 18):
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Fig. 1 Application of the Abel transform to wake vortex velocity.

where
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Z Y .x /
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x

r
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The integrand of the preceding integral is the vortex velocity � eld
in the direction of the radar beam and may be obtained once the
backscatteredsignal is analyzed.

In practice, Q.x/ is availableas a discretedataset, anda numerical
transform technique has to be used. Here, the numerical method
proposed by Nestor and Olsen20 has been applied. This method has
been slightly modi� ed to best � t the RASS application.

F. Vortex Models
Taylor and Oseen vorticesare consideredas models for an aircraft

wake vortex in this paper. As noted by de Neufville,21 the vorticity
distribution of any incompressible unsteady vortex may be written
in terms of a linear combination of various vortex modes. Both
Oseen and Taylor vortices correspond to the two leading modes in
the general solution.

The azimuthal velocitydistribution,vµ .r/, of a Taylor vortexmay
be written as22

vµ =Vc D .r=rc/ exp
©

1
2

£
1 ¡ .r=rc/

2
¤ª

(12)

where rc and Vc are the core radius and velocity, respectively.
An Oseen vortex is described by (see Ref. 23)

vµ =Vc D ®.rc=r /
©
1 ¡ exp

£
¡ ¯.r=rc/

2
¤ª

(13)

where ® D 1:397950 and ¯ D 1:256435 are chosen such that the
maximum velocity occurs at the core radius.

III. Numerical Implementation
The numericalsimulationof RASS consistsof the solutionof two

sets of equations: the linearized Euler equations and the Maxwell
equations. In the � rst, the total acoustic � eld is determined nu-
merically. The linearized Euler equations are discretized using
a fourth-order dispersion-relation-preserving algorithm24 in space
and a fourth-orderRunge–Kutta scheme in time.

Once the acoustic� eld is reconstructedat any instant,the pressure
perturbationsmay beused to determinethepermittivityperturbation
1² throughoutthe solutiondomain using Eq. (5). The incident elec-
tromagnetic � eld is speci� ed analyticallyby the transmitterantenna
model. Therefore, the right-hand side of Eq. (2), the source term
for the Maxwell equation, is determined.Then, the electromagnetic
scatteringproblem is solved using a second-ordercentral difference
scheme both in space and time. The details of the Maxwell solver
scheme, as well as its numerical stability characteristics, may be
found in Ref. 25. No arti� cial dissipation is used in the Maxwell
solver. Because the speeds of sound and light are so different, the
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medium, including the vortex and acoustic � eld, appear frozen in
time relative to the electromagneticwave.Thus, the electromagnetic
wave is assumed to be propagatingthrougha stationary,nonuniform
medium. In fact, a few hundred time steps in the Maxwell solver
take place between each time step of the Euler calculation.

A radiation boundary condition is used for both the acoustic
and electromagnetic scattering. For the Euler calculation, the ra-
diation boundary condition developed by Tam and Webb24 is used.
For the Maxwell calculation, the nonre� ecting boundary condition
described by Bayliss and Turkel26 is applied.

IV. Results
In this section, the results of a full two-dimensional simulation

are presented. In all simulations the Bragg condition is completely
or nearly satis� ed to enhance the scattered � eld and maximize the
signal-to-noise ratio. An explicit scheme with a reduced, � ctitious
speed of light equal to 3 £ 105 m/s is used throughout this section.
The results of a previous study by authors18 have shown the validity
of this approach. The use of an explicit scheme facilitates paral-
lelization,which is necessary for the present study. The simulations
are performed on a uniform grid, and 12 grid points per acous-
tic wavelength are used. A typical simulation takes approximately
340 h to complete. This is the one-processor equivalent wall clock
CPU time. Usually16 processorsare used for each case.A complete
parallel performance analysis may be found in Ref. 25.

a)

b)

c)

d)

Fig. 2 Electromagnetic scattered � eld for uniform mean � ow in monostatic con� guration: a) t = 0.003 s, b) t = 0.006 s, c) t = 0.012 s, and d) t = 0.015 s.

A. Model Problem for Uniform Mean Flow
To validate the two-dimensional RASS simulation, a uniform

mean � ow is considered � rst. For a uniform mean � ow, the so-
lution to the Euler equationsmay be speci� ed analytically,and only
the Maxwell equations need to be solved numerically. The mean
� ow velocity is taken to be 50.0 m/s in a direction away from the
transmitter. Both monostatic and bistatic RASS con� gurations are
explored.

1. Two-Dimensional Monostatic RASS Model
In this case, the frequencies of the incident electromagnetic and

acoustic � eld are chosen to be 900 kHz and 2040 Hz, respectively.
The Bragg condition is only met in the absence of the mean � ow,
and the simulation is performed slightly off the Bragg condition
for the given mean � ow velocity. A continuouselectromagnetic in-
cident � eld and an acoustic pulse are used. A broadside array of
161 isotropic point sources is used to generate an incident electro-
magnetic beam with HPBW equal to 0.7118 deg. Figure 2 shows
the scattered electromagnetic � eld at different times. In Fig. 2, the
transmitter antenna and acoustic source are located at (0, ¡24¸a )
and the scattered electromagnetic � eld is sampled at (0, ¡18¸a ).
Notice that the amplitude of the scattered � eld in Figs. 2d is very
small and is about 10 times less than Figs. 2a and 2c and 100 times
less than Fig. 2b. The minute oscillations in Fig. 2d are due to
some small numerical re� ection at the boundaries. Extending the
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Fig. 3 Power spectrum of the simulated scattered signal in uniform
mean � ow.

computational domain was observed to not change the signi� cant
part of the backscatteredsignal.

Figure 2 may be used to explain some fundamental concepts in
the RASS. An acoustic pulse is a region of density variations. A
density variation gives rise to a variation in refraction index or per-
mittivity. As the incident electromagnetic waves pass through this
region of variable permittivity, they are scattered. The frequencyof
the scattered electromagneticwave is equal to the incident electro-
magnetic frequencyfor an observermoving with the acousticpulse.
For a stationary observer, however, the acoustic pulse acts like a
moving source. This source moves with a velocity equal to the lo-
cal speed of propagation, that is, the vector summation of the local
sound speed and mean � ow velocity. A stationaryobserver then re-
ceives backscatteredelectromagneticsignals that include a Doppler
shift proportional to the local pulse speed.

Figure 3 shows the frequency spectrum of the simulated scat-
tered signal. To perform a Fourier transform, 450,000 samples at a
sampling frequency equal to 41 MHz are taken and zero padded to
221 D 2,097,152 samples. The spurious sidelobes in Fig. 3 are the
result of this zero padding. Although a relatively high zero padding
is used, the main lobe level is still more than one decade (10 dB)
higher than the largest sidelobes.

The Doppler shift in the backscattered � eld, shown in Fig. 3, is
related to the local propagation speed of the acoustic waves in the
transmitter direction, Ca , by18

fd D .2 fe=c/Ca (14)

where fd and fe are the Doppler shifted frequency and radar wave
frequency,respectively,both in hertz, and c is the propagationspeed
of the electromagnetic waves. Ca consists of two components: the
local sound speed and local mean � ow velocity. The Doppler shift
given by the spectrumin Fig. 3 equals 2335.2 Hz, of which 2040 Hz
is due to the local sound speed and 295.2 Hz is due to the mean
� ow contribution. The frequency shift of 295.2 Hz corresponds to
49.207 m/s for the given conditions. The frequency resolution in
Fig. 3 is 19.5493 Hz, which corresponds to 3.2582 m/s. Thus, the
difference between the velocity calculated from the Doppler shift
and the exact value of the mean � ow velocity is well within the
resolution of the Fourier transform.

2. Continuous Broadband Acoustic Source
In this case, a numerical experiment is performed to investigate

the case of a continuousincident acoustic � eld. The acoustic source
continuously generates white noise within a frequency band cen-
tered on 2ca0=¸e , where ca0 and ¸e are the nominal speed of sound
andelectromagneticwavelength,respectively.In this particularsim-
ulation, the incident electromagnetic frequency and the nominal
speed of sound are chosen to be 900 kHz and 340 m/s, respec-
tively. An explicit scheme with a � ctitious speed of light equal to
3 £ 105 m/s is used. Thus, the incident acoustic frequency band
is centered at 2040 Hz. The permittivity perturbation then may be
modeled as the superpositionof sinusoidswith differentfrequencies

Fig. 4 Power spectrum of the simulated scattered signal in uniform
mean � ow for continuous incident acoustic � eld.

Fig. 5 Typical setup for a bistatic con� guration; schematic of the in-
cident electromagnetic waves and the location of the receiver antenna.
Acoustic source (not shown) is at (0; ¡ ¡ 20¸a).

but the same amplitude and phase:

1² D
NX

n D ¡N

1²0 cos[2¼. fa0 C n1 f /t ¡ ka x] (15)

where fa0 is the band center frequencyin hertz,1 f is the frequency
increment, and ka is the acoustic wave number. In the numerical
simulation presented here, 1 f and N are taken to be 20 Hz and 30,
respectively. Therefore, Eq. (15) provides a frequency band equal
to 2040§ 600 Hz, with a frequency increment equal to 20 Hz.

Figure 4 shows the power spectrum of the scattered signal. The
incident electromagnetic frequency and the frequency band of the
acoustic source are also shown. The frequency resolution in this
plot is 10.786 Hz, which corresponds to 1.798 m/s. A Fourier trans-
form is performedon 221 D 2,097,152sampleswith no zero padding
to avoid any spurious sidelobes. It can be seen that from all inci-
dent acoustic frequencies, one has the highest spectrum level. This
is the frequency at which the Bragg condition is met. The inci-
dent electromagnetic wavelength is 1

3
m for the given conditions.

Thus, the Bragg matched acoustic wavelength is 1
6 m. The Bragg

matched acoustic frequencyfrom the spectrum is 2340.8 Hz. When
the acousticfrequencyand wavelengthare known, the local speedof
propagationmay be determinedto be 390.135m/s, of which 340m/s
is due to the local sound speed and 50.135 m/s is due to the mean
� ow velocity. The accuracy of this measured velocity is within the
power spectrum resolution.

3. Two-Dimensional Bistatic RASS Model
Figure 5 shows a typical bistatic con� guration. In Fig. 5 the

acoustic source is located at (0, ¡20¸a ). A narrow beam acoustic
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pulse is used. The electromagnetic transmitter antenna is located
at (9¸a; ¡20¸a). A binomial array with 10,000 isotropic sources
is employed to generate a narrow incident electromagnetic beam.
The incident beam is also shown in Fig. 5. In this particular exam-
ple the incident electromagnetic beam makes an angle of 65 deg
with the x axis. The scattered electromagnetic � eld is sampled at
(¡15¸a; ¡7¸a ).

The mean � ow velocity is chosen to be 50 m/s in the y direction.
The incident electromagnetic and acoustic frequency are taken to
be 900 kHz and 2052.8 Hz, respectively.Recall the Bragg condition
in the bistatic case [Eq. (1)]:

¸e D 2¸a sin ®

where ® is as shown in Fig. 5. The Bragg condition is met for a mean
� ow velocity equal to 37.5 m/s for the given frequencies.Therefore,
the simulation is performed slightly off the Bragg condition.

Figure 6 shows the electromagneticscattered � eld at the moment
when the acoustic pulse is about to cross the incident electromag-
netic beam. Note the change in directivity of the scattered � eld in
Fig. 6 compared to the monostatic case shown in Fig. 2.

Figure 7 shows a typical backscattered electromagnetic signal
at the receiver antenna in the bistatic system. The acoustic pulse
passes the incident electromagneticbeam for a short period of time.
This is the only time at which a detectable signal is received by the
receiver antenna. This is clearly seen in Fig. 7.

Figure 8 shows the frequency spectrum of the simulated scat-
tered signal in the bistatic case. For this case, 100,000 samples
are taken and are zero padded to 219 D 524,288. The main lobe in

Fig. 6 Scattered electromagnetic � eld in the bistatic simulation.

Fig. 7 Typical backscattered electromagnetic signal received in a bistatic system.

Fig. 8 is about 3 decades (30 dB) higher than the maximum side-
lobes. The frequency resolution is 78.2461 Hz, which corresponds
to 14.3892 m/s. The relationshipbetween the Doppler shift and the
mean � ow velocity in a bistatic system is given by

!d D 2keca sin ® (16)

where !d is the Doppler shift in radians per second, ke is the elec-
tromagnetic wave number, ca is the local speed of propagation,and
® is the incident beam angle as shown in Fig. 5.

The Doppler shift givenby the spectrumequals2126.1Hz, which
corresponds to a velocity of 390.977 m/s, of which 340.0 m/s is the
contribution of the sound speed and 50.977 m/s is due to the mean
� ow velocity. Note that the mean � ow velocity is determined from
the frequency spectrum with very good accuracy. However, it is
found that a bistatic system is more sensitive to the Bragg condition
compared to a monostatic system. If a bistatic RASS operates far
fromtheBraggcondition,theaccuracyof thevelocitymeasurements
drops dramatically.

To demonstrate this effect, a mean � ow velocity equal to 50 m/s
and an incident electromagnetic frequency equal to 900 kHz are
considered.The numerical simulation is conducted for various val-
ues of incident electromagnetic beam angle ®. For a given value
of ®, three different incident acoustic frequencies are examined.
These frequencies are tuned for a mean � ow velocity equal to 0,
25, and 37.5 m/s. The frequency resolution for this calculation is
78.246 Hz, which correspondsapproximatelyto 14 m/s. This means
that all measurementswithin a margin of 50 § 7 m/s are acceptable.
It can be seen from Fig. 9 that, when the incidentacoustic frequency
is tuned to 37.5 m/s for a mean � ow velocity of 50 m/s, the RASS

Fig. 8 Power spectrum of the simulated scattered signal in uniform
mean � ow and for a bistatic system.
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Fig. 9 Effect of the Bragg condition on the bistatic RASS measure-
ments: uniform mean � ow velocity is 50 m/s and the Bragg condition is
matched for £ £ , 0 m/s; , 25 m/s; and 4 , 37.5 m/s.

Fig. 10 Computationaldomain.

measurementsare within the acceptablemargin for all shown values
of ®. However, for the cases tuned to 25 and 0 m/s, the accuracy de-
creases for small angles ®. It is also noticeable that, as ® approaches
90 deg, that is, when system becomes close to a monostatic con� gu-
ration, the RASS measurements are insensitive to the Bragg condi-
tion. In practice, however, a RASS device has to operate close to the
Bragg condition to provide a suf� ciently high signal-to-noiseratio.

B. Two-Dimensional Numerical Simulation
In the two-dimensional, direct numerical simulation both the

Euler and Maxwell equations are solved simultaneously.The com-
putational domain is shown in Fig. 10. An array of isotropic point
sources is used to simulate the transmitter antenna and generate
the incident electromagnetic� eld. The incident beam direction and
width may be speci� ed by the user. The incident acoustic � eld is
generated by an acoustic source located at y D ¡35¸a and different
x locations. This acoustic source is an omnidirectional monopole.
To generate an incident acoustic pulse, the acoustic source is only
turned on for a short period of time, suf� cient to generate a pulse
length equal to three acoustic wavelengths.

As the acoustic pulse travels through the computational domain,
its wave front is modi� eddue to thepresenceof the vortex.Figure11
shows the incident acoustic pulse at different times for a Taylor vor-
tex. The associatedvortex core is also shown in Fig. 11. The vortex
core radius is 10¸a . Slight re� ections from the lower boundary of
the computationaldomain are observed. This is because the acous-
tic source is located very close to the boundary and the angle of
incidence is very small.

The electromagnetic and acoustic frequency in this case are cho-
sen to be 900 kHz and 2040 Hz, respectively. Both Oseen and
Taylor vortices have been considered as the aircraft wake vortex

Fig. 11 Incident acoustic � eld at different times for a Taylor vor-
tex; pulses from bottom to top correspond to t = 20(2n ¡¡ 1)/!a s,
n = 1; 2; 3; : : : ; 10, respectively.

a)

b)

Fig. 12 Taylor vortex y componentof the wake vortex velocity pro� les:
incident electromagnetic beam is a) 8¸a and b) 14:3¸a away from the
vortex center in the x direction.

models. The core velocity Vc is taken to be 85 m/s for both of the
vortices.

Figures 12 and 13 show the calculated vortex velocity compo-
nent in the transmitter direction for different radar beam locations
for both the Taylor and the Oseen vortices, respectively. A narrow
incident electromagneticbeam is used. In both Fig. 12 and Fig. 13,
the solid line shows the exact velocity pro� le, and the results of the
simulation are shown by circles. To generate Figs. 12 and 13, the
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a)

b)

Fig. 13 Oseen vortex y component of the wake vortex velocity pro� les:
incident electromagnetic beam is a) 8¸a and b) 14:3¸a away from the
vortex center in the x direction.

Fig. 14 Incident acoustic � eld at different times for a Taylor vor-
tex; pulses from bottom to top correspond to t = 20(2n ¡ ¡ 1)/!a s,
n = 1; 2; 3; : : : ; 10, respectively.

backscattered electromagnetic signal is divided into a number of
short time slices, and a spectral analysis is performed on each time
slice.18 Each slice consists of 150,000 samples and are zero padded
to 220 D 1,048,576samples. This gives a frequency resolution equal
to 39.193 Hz, which corresponds to 6.532 m/s. It can be seen from
Figs. 12 and 13 that the two-dimensional RASS simulation follows
the exact velocity pro� le very well.

Figure 14 shows the incident acoustic � eld for the case where
the acoustic source is located at (¡14:3¸a ; ¡35¸a ). A Taylor vortex

with a core radius equal to 10¸a is used. In this case, the velocityob-
tained from the spectral analysis of the backscatteredsignal should
be negative because the wake vortex velocity is toward the receiver.
Figure 15 shows the calculated vortex velocity component in the
transmitter direction. The frequency resolution, time gating infor-
mation, and zero padding in this case are similar to those in Figs. 12
and 13. Once again, it can be seen that the two-dimensional RASS
simulationfollowsthe exactvelocitypro� le within theFourier trans-
form’s resolution.

The resultsof the simulationbecome less accuratefor largevalues
of y=¸a . The reasons may be explained as follows. Each circle in
Figs. 12, 13, and 15 shows the vortex velocity averagedover a small
area in the scatterer.The lengthof this area in the y directiondepends

Fig. 15 Taylor vortex y component of the wake vortex velocity pro� les
incident electromagnetic beam is ¡ ¡ 14.3¸a away from the vortex center
in the x direction: ——, exact and , numerical simulation.

a)

b)

Fig. 16 Radial variation of the wake vortex tangential velocity for
a) Taylor vortex and b) Oseen vortex.
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on the time gate length, that is, the size of the time series slices. The
width of this area in the x direction depends on the beam width at
that particular location. For large values of y=¸a , the beam width is
larger and, therefore,the averagingis takenover a larger area,which
results in a less accurate vortex velocity pro� le. Slight re� ections
from the boundary of the computational domain are also partially
responsible for less accurate results close to the upper boundary.

The Abel transformmay beappliedto the resultsof the simulation
at the different locations and the radial variation of the wake vortex
velocity pro� le may be obtained. Figure 16 shows the results of the
applicationof the Abel transform for the Taylor and Oseen vortices.
The solid line shows the exact velocity pro� le and the circles show
the results of the RASS simulation. As is clear from Fig. 16, the
results of the RASS simulations are in very good agreement with
the exact values, especially within the � rst two core radii.

C. Effect of the Beam Width
To investigate the effect of the incident electromagnetic beam

width, the following numerical experiment is performed. A Taylor
vortex with a core radius equal to 10¸a and a core velocity equal to
85 m/s is considered. The transmitter and receiver antennas are lo-
cated at (15¸a; ¡42¸a) and (15¸a ; ¡32¸a), respectively.The acous-
tic source is located at (15¸a ; ¡35¸a ). The transmitter antennauses
isotropic point source arrays in the broadside con� guration. The
beam width is then controlledby the number of point sources in the
array.

Four different cases are considered. In these cases 161, 12, 6,
and 3 sources are used to generate an HPBW equal to 0.7118,
9.5941, 19.4712, and 41.8103 deg, respectively. Figure 17 shows
the y components of the wake vortex velocity pro� le associated
with these cases. Figure 17a shows that, for a very narrow beam
transmitter, the RASS simulation follows the exact velocity pro� le
very accurately.As the transmitterbeam width increases, the RASS
measurements become less and less accurate. However, even for

a)

b)

c)

d)

Fig. 17 Effect of beam width on the RASS measurements, y componentof the wake vortex velocity pro� le for a Taylorvortex; incident electromagnetic
beam is 15¸a away from the vortexcenter in the x direction; ——, exact and , numerical simulation:HPBW = a)0.7118deg,b)9.594deg, c) 19.471deg,
and d) 41.810 deg.

large beam widths, the RASS simulation still can predict the vortex
velocity fairly accurately for locations close to the receiver. For a
wide beam angle (Fig. 17d) the received signal includes informa-
tion from a large area of the scattererwith both negativeand positive
Doppler shift. Therefore, the RASS results are scattered about zero
mean � ow velocity with a fairly high spread.

A very interesting result is obtained when a very wide beam an-
gle is used. The electromagnetictransmitterand receiver are located
at .0; ¡42¸a/ and .0; ¡32¸a/, respectively, and an isotropic point
source array consisting of only two sources is used. The HPBW is
then equal to 90 deg, and effectively the incident radar beam cov-
ers the entire computationaldomain. The acoustic source is located
at .0; ¡35¸a/. The computed velocities are shown in Fig. 18. In
Fig. 18, R is the distance from the transmitter and VR is the wake
vortex velocity component in the transmitter direction. The circles
are the velocity values obtained from the spectral analysis of the
backscattered signal using the time gating technique. In addition,
the solid line shows the exact values of the maximum wake vortex
velocity at differentdistances from the receiver.A number of obser-
vations may be made. First, the velocity pro� le obtained from the
RASS simulation using a wide radar beam is in fairly good agree-
ment with the maximum wake vortex velocity at differentdistances
from the receiver. Second, although both the negative and positive
wake vortex velocities are in the radar beam of sight, the nega-
tive wake vortex velocities that give a positive Doppler shift give a
stronger scattered signal. A negative velocity is obtained when the
wake vortex velocity component is toward the receiver. This sug-
gests that the signals coming from the regions that have a velocity
component toward the receiver have a higher signal-to-noiseratio.

D. Two-Vortex Interaction
A wake vortex is generated at each aircraft wing tip. In the early

stages of the evolution, these two vortices are separated by the air-
craft wing span, and practically they have little effect on each other.
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Fig. 18 Velocity pro� le obtained using a very wide radar beam width.

As time passes, they diffuse, and at some point they start to interact
with each other. The mean � ow� eld is then a combination of their
velocitypro� les. A questionthat may be raised is whether the RASS
simulation can detect them and reconstruct the associated� ow� eld.
This section addresses issues regarding the two-vortex interactions.

In principle, the presence of two vortices makes no difference in
the simulation.The codeputs no restrictionon the mean � ow pro� le.
In fact, the mean � ow� eld may be any arbitrary velocity pro� le.
Therefore, the RASS simulation will successfully reconstruct the
velocity pro� le along the incident electromagnetic� eld direction in
a two-vortex case. However, the Abel transform may not be used in
the two-vortex case. For the Abel transform to be valid, the mean
� ow has to be axisymmetric; a condition that is no longer met for
two vortices.

The best approach to the simulation of the detection of two vor-
tices is superposition.The governing differential equations are lin-
ear, and the Abel transform is also linear. Therefore, the simulation
may be performed for each vortex separately, and the results may
superimposed. In practice, however, it is not possible to consider
each vortex at a time. It may then be necessary to use the Radon
transform instead of the Abel transform. The Radon transform is
the extension of the Abel transform for the case where the scatterer
has no rotational symmetry.

V. Conclusions
In this paper, a two-dimensional simulation of aircraft wake

vortex detection using RASS has been described. This has been
achieved by sending an acoustic wave and a narrow radar beam and
analyzing the spectrum of the scattered electromagnetic signal at
a receiver antenna. The Doppler shift in the spectrum provides in-
formation that leads to a determination of the wake vortex velocity
� eldwithin theaccuracyof the spectrumresolution.To obtainresults
from the numericalsimulationsin a realisticcomputationaltime, the
actual electromagnetic wave propagation speed has been replaced
with a much lower value. This allows an explicit, time-accuratenu-
merical scheme to be used. This approach has been shown to be
valid in a previous study by the authors.18

A number of assumptions that had been made in the previous
study have been improved. The one-dimensional Maxwell solver
has been replaced by a two-dimensional simulation, the transmitter
and receiverantennashavebeen modeledexplicitlyin the numerical
simulation,and the effectof radar beam width has been shown.Both
a short, single-frequency acoustic pulse and a continuous broad-
band acoustic source have been considered, and both monostatic
and bistatic con� gurations have been studied. However, a number
of other issues still remain to be considered,including the effects of
atmospheric turbulence, the time evolution of the wake vortex, and
the three-dimensionalnature of wake vortices.

The use of RASS for wake vortex detection offers considerable
promise as an alternative wake vortex sensing system. The present
study shows clearly that the RASS is a viable instrument that can
provide a great deal of information about wake vortices behind air-
craft in the vicinity of airports.
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